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OPTIMAL CLUSTERING OF POLYHEDRA

Cutting and packing problems have a wide spectrum of applications. When dealing with polyhedra, an
important problem is the identification of the optimal clustering of two objects. Within this paper we consider a
containing region (cuboid, sphere, cylinder) of variable sizes and two polyhedra that can be continuously translated
and rotated. In addition minimal allowable distances between objects and between each object and the frontier
of a containing region may be imposed. The objects should be arranged within a containing region such that a
given objective will reach its minimal value. We consider a volume or metrical characteristics of the containing
region as the objective, which depends on the variable parameters associated with the objects and the containing
region. The paper presents a mathematical model in the form of nonlinear optimisation problem, based on the
phi-function technique. We also developed a solution algorithm and provide new benchmark instances of finding
the containing region that has either minimal volume or homothetic coefficient of a given containing region.
MINIMUM CONTAINMENT, POLYHEDRA CLUSTERUNG, MATHEMATICAL MODELING,
NONLINEAR OPTIMIZATION.

I0.E. CrosaH, A.B. llankpartoB, T.E. PomanoBa. OIITUMAJ/IbHAA K/JIACTEPU3ALMUA MHOI'OI'PAH-
HUKOB. 3azauu ynakoBKM M pacKpos MMEKT IUMPOKHUH CHeKTp NpHMeHeHMs. [Ipu pasmelieHUMM MHOrorpas-
HUKOB Ba)XKHOW 3aflauell sIBJISeTCS NMOMCK ONTUMAaJbHON KJIAacTepU3alMU ABYX 06beKTOB. B kauecTBe 06s1acTH
pasMellleHUs] paccMaTpUBaeTcsl KOHTelHep (Ky6ouz, Iap, UMJAMHJIDP) C NMepeMeHHbIMH MeTPUYeCKHMH Xapak-
TEePUCTUKAMHU U JiBa MHOTOTPAHHHUKA, KOTOPBIE [ONYCKAKT HelpepbIBHblEe TPAHCAALUU U BpallleHUd. YUYUTbIBaA-
I0TCsl OTPAaHUYEHHS] HAa MUHUMAJIbHO JOMYyCTHMbIe PACCTOSIHUA MeX/Jy 00'beKTaMHU U MeXAy KaXKJbIM 00'beKTOM
Y rpaHuIel o6sactu pasMelieHUsA. O6beKTbI JOKHBI O6bITh pa3MelleHbl B KOHTeHHepe TaKUM 06pa3oM, 4TOObI
3aZjlaHHas QYHKIMA Leu JOCTUraJa MUHMMa/JbHOTO 3HavyeHHUs. B kadyecTBe QyHKIMU LieJIM pacCMaTpPUBAETCS
06'beM WJIM MeTpUYeCKHe XapaKTepPUCTHUKHU KOHTelHepa. GYHKIMSA LieJM 3aBUCUT OT NepeMeHHBIX NapaMeTpoB,
3aBUCAIIMX OT 00'b€KTOB pa3MelleHUs U BUJA KOHTelHepa. B craTbe mpejcTaBieHa MaTeMaTU4YecKass MOJiesb
B BUJe 3aJlaud HeJIMHeMHOM oNTUMHU3alu{, OCHOBaHHasA Ha MeToje phi-yHknuil. IIpeasaraeTcss ajroputm
pelleHus U NPUBOAATCA HOBbIe pe3ysbTaThl AJis IOMCKAa KOHTeHHepa MUHUMaJIbHOTO 06'beMa /1M C MUHUMaJlb-
HbIM K03)PUIEHTOM FTOMOTETHH.

MUWHHUMAJIBHOE BKJ/IKOYHEHHUE, K/IACTEPU3ALIMA MHOI'O'PAHHUKOB, MATEMATHUYE-

CKOE MO/JIEJIMPOBAHUE, HEJIMHEMHAA OIITUMMW3ALIMA

I0. €. CTosmn, 0.B. [IankpaTos, T.€. Pomanosa. OIITUMAJIBHA K/IACTEPU3ALIA BATATOI'PAH-
HUKIB. 3asjaui ynakoBKH i pO3KpoOl0 MalTh LIMPOKUHM CHEKTpP 3acTocyBaHHS. [Ipy po3MilleHH] 6araTorpaHHUKIB
BAXJIMBOIO 33Jjauyel0 € 3HaxXO/KeHHSA ONTHUMasbHOI KjacTepusalii ABoX 06’eKkTiB. Y cTaTTi posrisajaeTbcs
KOHTelHep (Ky06o0ijJ, KyJs, UMAIHAP) 31 3MIHHUMU MeTPUYHHUMM XapaKTepPUCTUKAMHU Ta JBa 6GaraTorpaHHHKa,
[Ki JonyckaroTb 6e3nepepBHi TpaHCaALil Ta 06epTaHHA. BpaxoByloTbcss 06MeXeHHSI Ha MiHIMaslbHO AONYCTHUMI
BificTaHi MK 06’€KTaMU i Mi>XK KOXXHHUM 006’€KTOM i rpaHuIeio o6sacti. O6’eKTH NOBUHHI 6YyTH po3TalloBaHi B
KOHTeHHepi TakMM 4MHOM, 106 3ajaHa PyHKIsA MeTH Jocsrasa MiHIMajJbHOTO 3HAYeHHs. K QYHKIiA MeTH
po3ris/iaeTbCcd 06'€M abo METPUYHI XapaKTepPUCTHUKH KOHTeHHepa. QYHKIIA MeTH 3aJIeXUTb Bifi 3MiHHHX
napaMeTpiB, 3a/IeXKHUX Bi/i 06’€KTIB i TUIY KOHTelHepa. Y cTaTTi NpejcTaB/IeHa MaTeMaTUYHA MO/JieJb y BUT/IAAL
3aJiaui HesliHiMHOI onTUMi3alii sika 3acHOBaHa Ha MeTo/ii phi-byHKLil. 3anpoNOHOBAaHO a/JITOPUTM PO3B’'sI3aHHSL Ta
HaBeJleHO HOBi pe3ysbTaTH MOLIYKy KOHTeHHepy MiHIMasbHOro 06'€eMy a6o 3 MiHiMaibHMM KoedilieHTOM
roMoTeTilL

MIHIMAJIbBHE BKJIFOUEHHA, K/IACTEPU3ALIMA BATATOI'PAHHHUKIB, MATEMATHUYHE

MO/JIEJIIOBAHHSA, HEJIIHIMHA OIITUMI3ALIA

Introduction

Packing problems are interesting theoretically and
have many important applications. Applications in in-
dustry include such problems as autonomously packing
the hazardous waste into drums, which should then be
melted in a plasma arc furnace, determining the place-
ment of polycrystalline silicon nuggets during crucible

packing as a key component of a robotic system to auto-
mated crucible packing process in semiconductor wafer
production, creating the optimization frameworks for
powder and FDM-based 3D printing that seeks to save
printing time and the support material required to print
3D shapes, parts nesting for shipbuilding, glass cutting,
furniture and other goods. It is well known that even
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the one-dimensional version of the problem of find-
ing the optimal usage of a given resource, the classical
knapsack problem, belongs to the class of NP-hard op-
timisation problems. For this reason, most of the work
related to cutting and packing problems employ heuris-
ticapproaches. Nevertheless, the development of exact
solution methods is an important task to broaden the
range of optimal solvable cases.

One of the successful concepts in the case of irregu-
lar objects, which lends itselft to exact approaches, is
phi-functions [1], [2].

The new functions, called quasi-phi-functions [3],
can be described by analytical formulas that are sub-
stantially simpler than those used for phi-functions, for
some types of objects, in particular, for polyhedra. In
addition we construct an adjusted phi-function for de-
scribing distance constraints for a pair of polyhedra.

Using this approach leads, in general, to multi-ex-
tremal non-linear optimisation problems. Our tools per-
mit the modelling of continuous object rotations, non-
overlapping, containment and distance constraints. The
concept allows the computation of high quality local
optima, and in some cases, the global optimum.

In this paper, we address the problem of determining
the minimum size containing region to house two pol-
yhedra and use the phi-function technique to achieve this
aim. In detail, we will investigate the following problem:

Optimal clustering 3D-problem. Given two polyhe- dra
where free continuous rotations of the objects are
permitted, find the minimal sizes of a given contain-
ing region (cuboid, sphere, or cylinder) according to a
given objective and placement parameters of two ob-
jects such that the objects are placed completely inside
the containing region without overlap and taking in to
account allowable distances between objects. We con-
sider a number of frequently occurring objectives, i.e.
minimum volume and homothetic coefficient of a given
containing region .

1. Related work

The containment problem is useful in the design of
packing solution approaches in a number of ways. Some
researchers develop approaches based on mathematical
modeling and general optimisation procedures; for ex-
ample see [4-9]. Egeblad et al [6] present an efficient
solution method for packing polyhedra within the bounds
of a polyhedron containing region. Utilization of
containing region space is improved by an average of
more than 14 percentage points compared to previous
methods proposed in [10]. However, in the experiments
the largest total volume of overlap allowed in a solution
corresponds to one percent of the total volume of all
polyhedra for the given problem.

Liu et al [11] propose a new constructive algorithm,
called HAPE3D, which is a heuristic algorithm based
on the principle of minimum total potential energy for
the 3D irregular packing problem, involving pack- ing a
set of irregularly shaped polyhedrons into a box- shaped
containing region with fixed width and length
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but unconstrained height. The objective is to allocate
all the polyhedrons in the containing region, and thus
minimize the waste or maximize profit.

The objective of A. Pasha’s [12] task was to autono-
mously pack the hazardous waste into fifty-five gallon
drums, which would then be melted in a plasma arc fur-
nace. Central to the task was the development of a bin
packing algorithm that was capable of finding near opti-
mal packing configurations for a set of irregular shaped
objects.

Vivek A. Et al [13] present an algorithm to automati-
cally determine the placement of polycrystalline silicon
nuggets during crucible packing is a key component of a
robotic system to automated crucible packing process in
semiconductor wafer production. To solve this problem
of packing 3-D highly irregular objects with industrial
constraints, an on-line model-free packing algorithm has
been developed. It is based on the approach called Virtual
Trial and Error.

Vanek et al [14] propose an optimization framework
for 3D printing that seeks to save printing time and the
support material required to print 3D shapes. Authors
use the tabu search optimization [15] that has polyno-
mial complexity to find a near to optimal solution and
that has been used with success for packing problems.

Most of the approaches dealing with the interaction of
two (or a few) objects are used in placement algo- rithms
for larger instances as local decision rules. Some of the
earliest approaches to irregular packing problems used
the strategy of first clustering pieces within easier to
handle shapes, for example [16]. However, such ap-
proaches lost popularity as computational speed and
methodology improvements facilitated the direct pack-
ing of polyhedra. There are recent examples where the
packing process requires the initial clustering. Further,
the more sucessful placement heuristics use hole fill- ing
strategies that is the equivalent of the containment
problem described here.

2. The concept of phi-functions

Packing problems involving irregular shapes require
the modelling of interaction of two objects with respect
to containment, overlap constraints and allowable dis-
tances. In this section we describe the core phi-function
concepts including the definition of a phi-object, de-
scribing a placement objects and a containing regions,
identify the interactions between objects. Finally we
describe the containment and non-overlapping con-
straints taking into account allowable distances using
phi-functions and quasi-phi-functions.

2.1. Placement objects. We assume that any place-
ment object  (an object which has to be placed into a
containing region ) considered here, is a three-dimen-
sional phi-object [1], where a phi-object is a canoni-
cally closed point set R ( =cl*( )=cl(int( ))
having the same homothopic type as its interior. As
placement objects we consider, in general, non-convex
polyhedra.

The location and orientation of each polyhedron

is defined by a variable vector of its placement
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parameters (v, ). Here v =(x, y,z) is a translation vec-
tor,0 =( 1, 2, 3)is avector of rotation parameters,
where 1, 2, 3 are appropriate angles from axis OXto OY,
from axis OY to OZ and from axis OX to OZ in the local
coordinate system of a polyhedron
The translated by vector v and rotated by an-
gles 1,2, 3, a polyhedron is denoted as
(W ={peR3:p=v+M(0) -pOVpoe 0}, where 0O
denotes the non-translated and non-rotated polyhe-
dron , M( ) is astandart rotation matrix.
Assuming that non-convex polyhedron  may be
presented as a union of convex polyhedra. Various al-
gorithms can be applied to solve the problem, for exam-
ple, the algorithm proposed in [17]. For the purposes of

this paper, we assume the decomposition of the polyhe-
dra is known.

With each convex polyhedron that form a polyhe-
dron  we associate the local coordinate system which
coincides with the local coordinate system of a polyhe-
dron . Note, that each convex polyhedron K; 3
defined by its vertices pi, s=1,....m , i I ,inthelo-

N 1
cal coordinate system of !

We assume here that placement objects have fixed

metrical characteristics and variable placement param-

eters (x,y,z, 1, 2, 3).

2.2. Containing regions. We consider the
following containing regions: a) a cuboid:
B={(x)2) eR’ min{x +—x+Ly +w,—y +w, Z+h,

—z +h}>0} where variables [, w and h are the dimen-
sions of the cuboid respectively; b) a sphere of vari-
able radius r: S={(x,y,z) eR3 rrz —x2—y2—27z2>0};

c) a cylinder of radius r and height h,

is a variable homothetic coefficient:
C={(xy,z) eR3 1nin{(?»r)2 —x2 —y2—z+Ah,z+Ah}>0},

subject to for original containing region A =1.

Containing region  have fixed pacement param- eters
(0,0,0) and variable metrical characteristics p de- fined
above. Hereinafter, we denote a containing region
Q=Q(p).

2.3. Description of relationships between objects. In
order to feasibly place two objects within a containing
region, we need to formalise placement constraints.

We employ the phi-function technique to describe
analytically the placement constraints.

ny ng
Let A=VA;, and B=VB, , be non-convex poly-
i=1 j=1

hedra, where A;,B; are convex polyhedra.
Containment constraints
Phi-functions allow us to distinguish the following
three cases: A and B are intersecting so that A and B have
common interior points; A and B do not intersect,
i. e. A and B do not have common points; A and B are in
contact, i. e. A and B have only common frontier points.

if intAllintB=Z and frAll frB=+J; ®, <0 if
intALlint B#J , where intA, frA is the interior and
the frontier of object A. We employ phi-functions for
the description of the contaiment relationship A B
as follows: @ . >0, where B*=R3\ intB. See [1], [2]
for definitions and basic features of phi-functions.

For mathematical modelling of containment con-

straints of formAc Q< intA L1 Q" =

It is used a phi-function /4 " for non-convex poly-
hedron A and object Q"= R3\ intQ), that can be rep-
resented in the following form depending on the type of
the containing region

@5, if =5

' —{@ac ifQ=C
L| lanB*, ifQ=B
The phi-function for non-convex polyhedron A
* has the form
D4 = min{® ﬂ*,anz o o %y

A

and object

Where &4 s a phi-function for a convex polyhe-
dron 4; and object *
Phi-function for A; and object S*'=R3 /intS.
OAS = min{p ,s=1,...m },
s A;

¢s = (Ar)? = (p5)? = (p)* = (P>
Phi-function for A; and object C' =R3 /intC.

A€ — min{u,y,o},
p=min{p,s =1 m, }, i =12 = (pi)? = (ply 2,

y=min{y,,s=1,...my }, vy =p' +h,

5z

o =min{w,,s=1,...m, }, o, =—p' +h,

Phi-function for A; and object B* =R3 /intB.
®48 —min{minn ,j=1,..,6},
s

1<s<my;

T]s1:X1+P§x: "lszz_(x1+P§x)+I: 1153 ZY1+p§y 4

Nsa =—(V1+Piy)+W' ﬂss=Z1+pizrﬂs6=—(z1+l9;)+h-

Non-overlapping constraints

For mathematical modelling of non-overlapping
constraint intAllintB = a quasi-phi-function for a
By definition, the phi-function of A and B is everywhere
defined for a continuous function that possesses the fol-
lowing characteristics: ®,; >0 if ALUB=0J; Oy =0

21
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D 45 (Ug,Up,Uyp) =

=min{®/; (up,up,u' )i=1,..n4,j=1,..,n5}, (1)

where @'z (uy,ug,u') is a quasi-phi-function and u' is
a vector of additional variables for for a pair of convex
polyhedra A4;(u,) and Bj(uB) ,i=1,.,n,, j=1,.,ng,
uyp=W,i=1,.,n,j=1,.,n). i A

22
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It should be noted that replacing quasi-phi-functions
@4 in (1) by adjusted — % quasi-phi-functions for
i=1,..,n,, j=1,...,ng, we get an adjusted quasi-phi-
function =

a5 (U up,uyp)  for non-convex polyhedra
A(uy) and B(ug) .

Let us consider two convex polyhedra Ai(ui)  and
B (u ), given by their vertices p!, i=1,....m ,and p?
Fetms. ' ' !

A radical free quasi-phi-function ®"4%2 (u;,u,,up)

for convex polyhedra A;(u;) and B,(u,) may be de-

fined by formula [3]
O'AaBe (upuq,up) =
=min{®4"" (u,u ),CDBZP* (u,u )}, (2)

1 P 2 P
AP

where ' (ug,up) is aé)lloli-function for A;(u;) and
a half-space P(up), ® ? (u,,up) is a phi-function
for B (u ) and a half-space P*(u )=R3\intP(u ),
2 2 P P
where intP(up) is the interior of P(u,) . Here

Plu )={(xy,2):y =o-x+B-y+y-z+pn <0} is a
P P P
half-space, where o =sin0,, B=-sin0,, -cos0,,,

y=cos0,p -cosO,p, (note that o?+B2+y2=1) and
u =0 0 ,un),

P xP yP P

and
xP Py ypP

are appropriate variable
OY to OZ and

angles of the half-space ( p) from axis

from axis OX to OZ in the fixed coordinate system in R,
We follow [2] to define phi-function

@41 (uy,up) = min yp (pY)
1<i<m, !
and phi-function
CDsz*(uz,u )= min (~y (p?)).
P P

1£j£m2
We note that if @42 (u,u ,u )>0 thenaplane

1 2 P
L ={(xy.z):y (u )=0}
P PP
is a separating plane for A (u ) and B (u )
11 2 2

Thus, if two convex polyhedra A;(u;) and B,(u,)

do not have commagn points then there _always ex-
ists additional variables u =(0 , i such that

B xP yP P
rr}laxcl)'fl1 2 > 0. Therefore,
>
max®41%2 >0 < intA (u )LlintB (u )=0.
11 2 2
up

Further we use the following important character-

istic of a quasi-phi-function: if ®'4%2 >0 for some u,,
then intA;(u,)LlintB,(u,) =9 (see [3] for details).

Distance constraints

We take into account distance constraints replacing
quasi-phi-functions in non-overlapping with adjusted
quasi-phi-functions and phi-functions in containment

constraints with adjusted phi-functions. )
By definition an adjusted phi-function of A and B is
an everywhere defined continuous function = %, such

rr}af](@'AB (ua,ug,u") is an adjusted phi-function for the
ue

objects. B

In particular, we have dist(4,B) >p ® >0.

Let minimal allowable distance P, between a convex
polyhedron 4; and the object * be given. To describe
distance constraint, dist(4;, *)=p;, we use adjusted

radical free phi-function 1 for a convex polyhedron
A; and the object * defined by

(DA’.Q* :(ISA"Q* —P1

where ® 4" isanormalized phi-function for the convex
polyhedron 4; and the object *
Normalized phi-function for the convex polyhedron

A, and the object S*:
QAs min{(P S = 1""'mAi}‘ (3)

0 =r— (L2 -y )2 -(pL) (@)
Normalized phi-function for the convex polyhedron

A; and the object C*

@A = min{u ,y,o}, w=min{n ,s=1,.,m 4}

SN R R 2

N

v=min{y s=1,..m }, vy =p' +h,

s A; s sz

o =min{o,,s =1,..m, }, os=—p' +Ah,
i SZ

Normalized phi-function for the convex polyhedron
A; and the object B
®4® = min{ min nsj,j =1,..,6},
1<s<my,

n =x+p ,m =—-(x+p )+l,m =y +p,
1 X s3 1 sy

s1 1 SX s2
Nea=—1+ P )+W, N =21+ p', Ngg=—(2; +p' ) +h.
SZ SZ

b
Let minimal allowable distance between two

12
convex polyhedra A1(u1) and Bz(uz) be given. To de-
scribe a distance constraint, dist( A;, B, )>py,, we use
an adjusted radical free quasi-phi-function _'12 for

convex polyhedra A;(u;) and B,(u,) derived by
d'arbe (u,u,u ):CID"‘“B2 (u,u,u )—05p . (6)
1 2 P 1 2 P 12

. It follows
2

Thus, max =

4o, 2 0 <> dist(4 ,B
@ 1

)=p
u'el 2 1

from (2) and (6) that
A2 (U up) - 0.5p;; > 0 = dist(41,B;) > py, .

3. Mathematical model

In terms of phi-functions we can formulate the opti-
mal clustering problem as a NLP problem:

F(u')=min{F (u):u W} 7

c —QA —QB — AB
>0, =00 >0}, (8)
23
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that & >0, if dist(4,B) >p , W =0, if dist(4,B) =p ,

d <0, if dist(4,B)<p , where is the minimum al-
lowable distance between objects 4 and B.

Function 48 o _ .
unction (uq,ug,u") is called an adjusted quasi-

phi-function for objects A(ua) and B(usg), if function

where F (u) is apolynomial function, u = (p,u,,ug) €R°
is a vector of variables, R is Euclidean space of

dimension, p is a vector of variable metrical
characteristics of

’

(ua,up) = (X4,Y4,24,0%,02,0% X5,y 5,25,0150%25035)
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is vector of variable placement parameters of objects A
and B, W denotes the corre sponding set of feasible
solutions (the solution space), ®'48 is an adjusted quasi-
phi-function for objects A and B taking into account a
el able AREANSS bsRyseRicatlees,
P2 isan adjusted phi-function for objects B and
taking into account a given minimal allowable distances

' between each object and the frontier of . It should
be noted thatif p= 0 and p'=0, then we use the original
phi-function and quasi-phi-functions instead of the
adjusted phi-functions and adjusted quasi-phi-functions
in (8).

We consider three realizations of problem (7)-(8),
denoted by P1,P2, P3, with respect to the shape of the
containing region  and the form of the objective func-
tion F (u):

P1: Q=B, Fi(u)=] w h (volume of B):

u = (Lwhuy,ug) €R°,

c=15

P2: Q=S, F,(u)=r (radius of S):

u = (ruy,ug) €R°,

c=13

P3: Q=C, F3(u)=

u = (Auy,ug) erR°,

c=13

Each quasi-phi-function inequality in (8) is present-
ed by a system of inequalities with infinitely differenti-
able functions. Our model (7)-(8) is a nonconvex and
continuous nonlinear programming problem. Problem
(7)-(8) is an exact formulation for the polyhedron pack-
ing problem. It contains all glospherey optimal solu-
tions. Itis possible, atleastin theory, to use a global solver
for the nonlinear programming problem and ob- tain a
solution which is an optimal packing.

However in practice, we deal with a large number of
variables and a huge number of inequalities in our mod-
el. As a result, finding a locally optimal solution becomes
an unrealistic task for the available state of the art NLP
solvers. In order to search for a “good” locally optimal
polyhedron packing within a reasonable computational
time we propose here a solution algorithm, which can
be considered as an extension of the solution algorithm
developed in [3] for the optimal ellipse packing problem.

*

(homothety coefficient of C):

4. General solution strategy
As discussed in the previous section, solving the
polyhedron packing problem using an NLP solver is not

practical. Instead we look to identify multiple starting
solutions and search for the best of found local optimal
solutions. Our multistart solution strategy involves the

following steps:

1. Generate a set of vectors ¢® =(p°udub,..u° )
0 0 1 0 2 N

of feasible placement parameters (uy,u,,...,uy) of our
polyhedra placed into the containing region 0 of

starting dimension p9 in the problem (7)-(8). Various
algorithms exist for obtaining a feasible solution for
example [18]. We employ here the algorithm (called
FSPA-S), which is described in Subsection 5.1.

2. Form an appropriate set {u®} of feasible start-
ing points u® =( 9, 9) for problem (7)-(8), using the
set { 0} obtained at Step 1. We use a special procedure
(FAPA-S) to generate a vector
ables.

3. Search for a local minimum of the objective func-
tion F(u) in problem (7)-(8), starting from each point
from the set {u®} obtained at Step 2.

4. Choose the bestlocal minimum from those found
at Step 3 as the final solution of the problem (7)-(8).

The actual search for a local minimum in all our
optimisation procedures (to realise steps 1-3) is
performed by IPOPT [19], which is available at an open
access noncommercial software depository (https://
projects.coin-or.org/Ipopt).

0 of additional vari-

5. Starting Point Algorithm (FSPA-S)

In order to find a vector of starting feasible place-
ment parameters of our polyhedra we apply an algo-
rithm, which is based on homothetic transformation of
spheres. The algorithm consists of the following steps:

1. Choose starting dimensions p° for our con-
taining region . They must be sufficiently large to al-
low for a placement of all circumscribed spheres S,
qg=1,2,...,N , within the containing region ©.

2. Generate within the containing region  © a pair
of randomly chosen center points (x0,y0,z),q=1,2
, of circumbsribed spheres S, of radius r,. We as-
sume here that  is a homothetic coefficient for all our
spheres S, and 0<A<1.

3. Assuming that p = p%, and starting from the point
ul= (x'f,y 0,z 0 x O,y 9,2 g,?do =0), solve the following
auxiliary nonlinear programming problem:

maxA , 9

u W

W ={u eR7:5%% >0, >0,

% >0,1-1>0,> 0}, (10)
rae u = (Xy,Y1,21X2,Y2,22,A)
7% = (%, —x)2 + (v, —y2)? +
+(zy —22)2—A2(r; + @ +12)3 (11)

is an adjusted phi-function for a sphere S1 of radius r1
and asphere S, ofradius r,.

[_quo*
|(I) (uq), ecmu Q=8

SqQO* (uq) :!q)sqco* (uq), eCJIn Q = C y (12)
|L_SB0 (u,), ecnu Q=B
B =(r0-A(r +p )2 -(x -0 12—z )2,
a q q q a
0 -2 2 2

) =min{(n r—A(ry +p,)) —(x,) —(vq) »
Zy +nOh—A(ry, +p~),—2z, +n°h—A(r, +p7)},

q

0%
—5,C

s,B”" .
o = mln{(pkq,k =1,..,6},
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Example 3 Clustering of objects A and B into a

Q1,=—X,+I0=A(r,+p;), © 20=x,—A(r, +p,),
1 1 o a e o cuboid B, we believe this optimal but not proved, prob-

Q3= Vgt WO —A(ry+p;), lem P1, see Figure 3, F(u")=1"-w"-h*=1152.000,
¢ =y =Mr+p), 9 =-z +h°=A(r +p7), where [*=4.000, w*=16.000, h*=18.000 Running
4 q a q 5 a T 4 time is 4.93 sec.

- P aq= Zq_}"(rq'i'p:])

@*® is an adjusted phi-function for a sphere S, of
radius r, and the object ©".

We denote a point of global maximum of problem
O-(10)byu "=k "y 1z 1X 5y z,0h =1).

4. Form a vector of feasible parameters

< = (phutud),
1 2

Fig. 3. Solution of problem P1 in Example 5
assuming that ) ) ]
u® = (x9y90,z900), (x9y0z0)=(x*y*z") and © Example 4 Clustering of objects A and B into a sphere

q a qa 49 q a qa q a a q q S, we believe this optimal but not proved, problem P2,
is a vector of randomly generated rotation parameters of
polyhedra ,,q=1,2.

Our FPPA algorithm returns the vector 0 to gener-
ate a starting point for a subsequent search for a local
minimum of the problem (7)-(8).

see Figure 4, F(u*)=r"=12.2274, Running time is
2.351 sec.

6. Computational experiments
The results include a number of examples to
demonstrate the effectiveness of the methodology.
In all cases the input data of the example has been
provided in [10]. For local optimisation, our programs Fig. 4. Solution of problem P2 in Example 4
use IPOPT (https://projects.coin-or.org/Ipopt) (see Example 5 Clustering of objects A4 and B into a sphere

[19]) that only guarantees a local optimum for non- g e pelieve this optimal but not proved, problem P2,
linear programming problems. We use computer AMD . N . . .
Athlon 64 X2 5200+, ;e;sflsgelire 5 F(u')=r"=11.2996. Running time is

Example 1 Clustering of objects A and B into a
cuboid B, we believe this optimal but not proved, prob-
lem P1, see Figure 1, F(u*)=1"-w"- h*=1502.0771,
where [*=16.4725, w"=4.000, h" = 22.7966 Running
time is 3.21 sec.

Fig. 5. Solution of problem P1 in Example 5

Example 6 Clustering of objects A and B into a cyl-
inder C, problem P3, see Figure 6, F(u")=A"=0.682
. provided that r=20, h=40. Running time is 2.65 sec.

Fig. 1. Solution of problem P1 in Example 1

Example 2 Clustering of objects A and B into a
cuboid B, we believe this optimal but not proved, prob-
lem P1, see Figure 2, F(u")=1"-w"- h*=1399.9999,
where [* =10.000, w* =10.000, h* = 14.000 . Running
time is 8.674 sec.

proved by known global solutions.
r —
7. Conclusions
] In the paper a basic approach is presented to handle
placement problems with irregular shapes (convex or
non-convex polyhedra). We investigated the problem

of enclosing two such objects by a cuboid, cylinder or
Fig. 2. Solution of problem P1 in Example 4 sphere of minimal volume or homotetic coefficient by

Fig. 6. Solution of problem P3 in Example 6

Example 3 and 5 are examples of global optimum
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means of phi-function technique. The solution meth-
odology can be applied to a wide range of problems in
cutting and packing. The extension of the approach to
the case of more than two objects, the problem of fill-
ing holes of arbitrary shapes and other forms of objectve
functions is ongoing work for the near future publica-
tion.
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OPTIMAL CLUSTERING OF POLYHEDRA

Background: Packing problems, also called placement or
allocation problems, are interesting theoretically and have
many importantapplications. Applications inindustry in- clude
such problems as autonomously packing the hazardous waste
into drums, which should then be melted in a plasma arc
furnace, determining the placement of polycrystalline silicon
nuggets during crucible packing as a key component of a
robotic system to automated crucible packing process in
semiconductor wafer production, creating the optimization
frameworks for powder and FDM-based 3D printing that seeks
to save printing time and the support material required to print
3D shapes, e.g., in space engeneering, automobile production,
shipbuilding. It is well known that even the one- dimensional
version of the problem of finding the optimal usage of a given
resource, the classical knapsack problem, belongs to the class
of NP-hard optimisation problems. For this reason, most of the
work related to cutting and packing problems employ heuristic
approaches. Nevertheless, the de- velopment of exact solution
methods is an important task to broaden the range of optimal
solvable cases.

Materials and methods: One of the successful concepts in
the case of irregular objects, which lends itselft to exact ap-
proaches, is the phi-function technique. Using this approach
leads, in general, to multi-extremal non-linear optimisation
problems. Our tools permit the modelling of continuous ob- ject
rotations, non-overlapping, containment and distance
constraints. The concept allows the computation of high quality
local optima, and in some cases, the global optimum. In this
paper, we address the problem of determining the min- imum
size containing region to house two polyhedra.

Results: In the paper a basic approach is presented to han-
dle placement problems with irregular shapes. We investigated
the problem of enclosing two such objects by a cuboid, cylin-
der or sphere of minimal volume or homotetic coefficient by
means of the phi-function technique.

Conclusion: The solution methodology can be applied to
a wide range of problems in cutting and packing. The exten-
sion of the approach to the case of more than two objects, the
problem of filling holes of arbitrary shapes and other forms of
objectve functions is ongoing work for the near future publica-
tion.

nocmynu.a 8 pedkoaiezuto 25.08.2017.
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