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MaxiMuM-versus-Mean absolute error in selecting  
criteria of tiMe series forecasting quality

In time series forecasting, a commonly accepted criterion of the forecasting quality is the root-mean-square error 
(RMSE). Sometimes only RMSE is used. In other cases, another measure of forecasting accuracy is used along with 
RMSE. It is the mean absolute error (MAE). Although RMSE and MAE are the common criteria of time series fore-
casting quality, they both register information about averaged errors. However, averaging may remove information about 
volatility, which is typical for time series, in a few points (outliers) or narrow intervals. Information about outliers in 
time series forecasts (with respect to test data) can be registered by the maximum absolute error (MaxAE). The MaxAE 
criterion does not have any relation to averaging. It registers information about the worst outlier instead. Therefore, the 
goal is to ascertain the best criteria of time series forecasting quality, wherein the RMSE criterion is always present. First, 
12 types of benchmark time series are defined to test and select criteria. The time series is of 168 points, whereas the last 
third of the series is forecasted. After having generated 200 times series for each of those 12 types, ARIMA forecasts are 
made at 56 points of every series. All the 2400 RMSEs are sorted in ascending order, whereupon the respective MAEs and 
MaxAEs are re-arranged as well. The interrelation between the RMSE and MAE/MaxAE is studied by their intercor-
relation function. RMSEs and MaxAEs are “more different” than RMSEs and MAEs, because the correlation between 
the RMSE and MAE is stronger. Consequently, the MAE criterion is useless as it just nearly replicates information about 
the forecasting quality from the RMSE criterion. Inasmuch as the MaxAE criterion can import additional information 
about the forecasting quality, the best criteria are RMSE and MaxAE.
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Романюк В. В. Максимальна проти середньої абсолютної похибки при виборі критеріїв якості прогнозування 
часових рядів. При прогнозуванні часових рядів якість прогнозів загальноприйнято оцінювати за критерієм 
середньоквадратичної помилки (RMSE). Іноді тільки RMSE й використовують. В інших випадках, разом з RMSE 
використовується ще одна міра точності прогнозування. Такою мірою є середня абсолютна помилка (MAE). Хоча 
RMSE й MAE є загальноприйнятими критеріями якості прогнозування часового ряду, вони обидва фіксують 
інформацію про усереднені помилки. Однак усереднення може стирати інформацію про волатильність, яка 
є типовою для часових рядів у точках викидів або на вузьких інтервалах. Інформація про викиди у прогнозах 
часового ряду (відносно тестових даних) може бути зафіксована за допомогою максимуму абсолютної помилки 
(MaxAE). MaxAE-критерій не має жодного стосунку до усереднення. Натомість він фіксує інформацію про най-
гірший викид. Тому мета полягає у встановленні найкращих критеріїв якості прогнозування часових рядів, де, 
щоправда, RMSE-критерій завжди присутній. Спочатку визначаються 12 типів контрольних часових рядів для 
тестування і вибору критеріїв. Часовий ряд складається зі 168 точок, причому прогнозується остання третина 
цього ряду. Згенерувавши 200 часових рядів для кожного з 12 типів, виконуються ARIMA-прогнози у 56 точках 
кожного ряду. Всі 2400 значень RMSE сортуються у порядку зростання, після чого відповідні значення MAE 
й MaxAE також упорядковуються наново. Взаємоспіввідношення між RMSE й MAE/MaxAE вивчається за їх 
взаємокореляційною функцією. Значення RMSE й MaxAE є “більш різними”, ніж значення RMSE й MAE, 
оскільки кореляція між RMSE й MAE є сильнішою. Отже, MAE-критерій не має сенсу, тому що він практично 
повторює інформацію про якість прогнозування з RMSE-критерію. Оскільки MaxAE-критерій може вносити 
додаткову інформацію про якість прогнозування, найкращими критеріями є RMSE й MaxAE.

ПРОгНОЗУВаННя ЧаСОВиХ РядІВ, якІСТь ПРОгНОЗУВаННя, СеРедНьОкВадРаТиЧНа 
ПОМилка, СеРедНя абСОлюТНа ПОМилка, МакСиМУМ абСОлюТНОї ПОМилки, Викиди, 
ARIMA-ПРОгНОЗУВаННя, ВЗаєМОкОРеляцІйНа фУНкцІя

Романюк В. В. Максимальная против средней абсолютной ошибки при выборе критериев качества прогнозиро-
вания временных рядов. При прогнозировании временных рядов качество прогнозов общепринято оценивать 
по критерию среднеквадратической ошибки (RMSE). иногда только RMSE и используют. В других случаях, 
вместе с RMSE используется ещё одна мера точности прогнозирования. Такой мерой является средняя абсо-
лютная ошибка (MAE). Хотя RMSE и MAE являются общепринятыми критериями качества прогнозирова-
ния временного ряда, они оба фиксируют информацию об усреднённых ошибках. Однако усреднение может 
стирать информацию о волатильности, которая типична для временных рядов в точках выбросов или на узких 
интервалах. информация о выбросах в прогнозах временного ряда (относительно тестовых данных) может быть 
зафиксирована при помощи максимума абсолютной ошибки (MaxAE). MaxAE-критерий не имеет никакого 
отношения к усреднению. Вместо этого он фиксирует информацию о наихудшем выбросе. Поэтому цель со-
стоит в установлении наилучших критериев качества прогнозирования временных рядов, где, впрочем, RMSE-
критерий присутствует всегда. Сначала определяются 12 типов контрольных временных рядов для тестирования 
и выбора критериев. Временной ряд состоит из 168 точек, причём прогнозируется последняя треть этого ряда. 
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1. Common criteria of time series forecasting quality

Time series forecasting is applied to control and pre-
dict processes comprising sequences of data. The quality 
(accuracy) of forecasting depends on which approaches 
are used to forecast, length of forecast, and which cri-
teria are used to estimate the quality. A commonly ac-
cepted criterion is the root-mean-square error (RMSE) 
[1, 2]. Sometimes only RMSE is used. In other cases, an-
other measure of forecasting accuracy is used along with 
RMSE. It is the mean absolute error (MAE) [3]. Although 
RMSE and MAE are the common criteria of time series 
forecasting quality [4], they both register information 
about averaged errors. Meanwhile, time series forecasts 
are never guaranteed to be similarly scattered around test 
data points (with respect to which the forecasting accu-
racy is estimated). Volatility is typical for times series, 
and it becomes more intense for farther points forecasted. 
However, averaging may remove information about vola-
tility in a few points (spikes) or narrow intervals.

Information about spikes (which also may be referred 
to as outliers) in time series forecasts (with respect to test 
data) can be registered by the maximum absolute error 
(MaxAE). The MaxAE criterion does not have any re-
lation to averaging [5]. An open question is whether it 
is better to estimate forecasting accuracy by using only 
RMSE, or the pair of RMSE and MAE, or the pair of 
RMSE and MaxAE.

2. The goal and tasks to achieve it

The goal is to ascertain the best criteria of time series 
forecasting quality (accuracy). To achieve the goal, the 
following three tasks are to be completed. First, bench-
mark time series will be defined to test and select criteria. 
The four options are the single RMSE criterion, RMSE 
and MAE, RMSE and MaxAE, or RMSE by MAE and 
MaxAE. Second, an analysis of MaxAE versus MAE will 
be carried out after forecasts are made by the ARIMA ap-
proach [1, 2, 6, 7]. Finally, the selection of criteria should 
be justified followed by an appropriate conclusion.

3. MaxAE criterion

Consider a time series defined on a sequence of time 
points t T=1, , where T  is an available amount of data 
(not to be confused with the availability of data in real-
world practice, where forecasting is “blind” and the 

factual accuracy of forecasts is principally indetermina-
ble until time point T  is reached). Hereinafter, it is eas-
ier to presume that, without losing generality, t ii = . let 

y ti i

T( ){ } =1

0  by T T0 <  be the data by which forecasts are 

made at t T Ti = +0 1, . So, set y ti i

T( ){ } =1

0  is the time series 

to be forecasted for T T− 0  time points ahead.

Data y ti i T

T( ){ } = +0 1
 are used for testing the forecasting 

accuracy. These data are normalized (standardized to the 
range from 0 to 1) as follows [8, 9]:
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The standardization by (1) allows comparing the fore-
casting quality for different time series defined along the 
same number of points to be forecasted. Similarly to (1), if 
y ti i T

T( ){ } = +0 1
 are forecasted data (regardless of approaches 

used to forecast), they are normalized also (with respect 
to the initial data):
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Then the RMSE is [1, 2]
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and the MAE [3] is
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The difference between RMSE (3) and MAE (4) is not 
that much. Obviously, owing to the square, the RMSE 
criterion intensifies greater errors. This is why it is uncon-
ditionally used almost everywhere to compare data, func-
tions, surfaces, etc. [5, 10]. The MAE criterion is some-
times claimed to be more suitable but reasons behind this 
are quite unclear. A very serious drawback of both RMSE 
and MAE is that they do not show outliers. This is so be-
cause outliers, if any, are lost due to averaging. On the 
contrary, the MaxAE calculated as

 ρMaxAE = ( ) − ( )
= +
max

,i T T
i iu t u t

0 1
  (5)

registers information about the worst outlier [11, 12]. 
Therefore, whereas RMSE (3) is a compulsory criterion, 
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Сгенерировав 200 временных рядов для каждого из 12 типов, осуществляются ARIMA-прогнозы в 56 точках 
каждого ряда. Все 2400 значений RMSE сортируются в порядке возрастания, после чего соответствующие 
значения MAE и MaxAE также упорядочиваются заново. Взаимосоотношение между RMSE и MAE/MaxAE 
изучается по их взаимокореляционной функции. Значения RMSE и MaxAE являются “более разными”, чем 
значения RMSE и MAE, поскольку корреляция между RMSE и MAE сильнее. итак, MAE-критерий беспо-
лезен, потому что он практически дублирует информацию о качестве прогнозирования из RMSE-критерия. 
Поскольку MaxAE-критерий может привносить дополнительную информацию о качестве прогнозирования, 
наилучшими критериями являются RMSE и MaxAE.

ПРОгНОЗиРОВаНие ВРеМеННыХ РядОВ, каЧеСТВО ПРОгНОЗиРОВаНия, СРедНекВадРа-
ТиЧеСкая Ошибка, СРедНяя абСОлюТНая Ошибка, МакСиМУМ абСОлюТНОй Ошибки, 

ВыбРОСы, ARIMA-ПРОгНОЗиРОВаНие, ВЗаиМОкОРеляциОННая фУНкция
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using MAE (4) or/and MaxAE (5) requires a thorough 
research and subsequent justification.

4. Benchmark time series

The benchmark time series are based on 12 random-
like sequences with repeatability. Every sequence is gen-
erated by using pseudorandom numbers drawn from the 
standard normal distribution (with zero mean and unit 
variance) [8, 13, 14]. Apart from the repeating random 
“pure” sequence, a trend, seasonality, and extinction 
properties are embedded into the sequences by the fol-
lowing patterns [15]: 

 y t a T r t a T1 1 1 1 2 20 25( ) = + ( )  ( ) + ( ). Θ Θ , (6)

 y t a T r t a T a t2 1 3 2 2 4 30 25( ) = + ( )  ( ) + ( ) +. Θ Θ ,     (7)

y t a T r t3 1 5 30 25( ) = + ( )  ( ) +. Θ

 + ( ) + + ( )  ( )a T a T a t2 6 4 7 50 25Θ Θ. cos υ , (8)

y t a T r t a T4 1 8 4 2 90 25( ) = + ( )  ( ) + ( ) +. Θ Θ

 + + + ( )  ( )a t a T a t3 4 10 50 25. cosΘ υ , (9)

 y t a T r t e a Ta t
5 1 11 5 2 120 25 6( ) = + ( )  ( ) + ( )−. Θ Θ ,   (10)

 y t a T r t e a Ta t
6 1 13 6 2 140 25 6( ) = + ( )  ( ) + ( ). Θ Θ ,   (11)

y t a T r t e a t
7 1 15 70 25 6( ) = + ( )  ( ) +−. Θ

 + ( ) +a T a t2 16 3Θ , (12)

y t a T r t e a t
8 1 17 80 25 6( ) = + ( )  ( ) +−. Θ

 + ( ) + + ( )  ( ) −a T a T a t e a t
2 18 4 19 50 25 6Θ Θ. cos υ ,   (13)

y t a T r t e a Ta t
9 1 20 9 2 210 25 6( ) = + ( )  ( ) + ( ) +−. Θ Θ

 + + + ( )  ( ) −a t a T a t e a t
3 4 22 50 25 6. cosΘ υ , (14)

y t a T r t ea t
10 1 23 100 25 6( ) = + ( )  ( ) +. Θ

 + ( ) +a T a t2 24 3Θ , (15)

y t a T r t ea t
11 1 25 110 25 6( ) = + ( )  ( ) +. Θ

 + ( ) + + ( )  ( )a T a T a t ea t
2 26 4 27 50 25 6Θ Θ. cos υ ,   (16)

y t a T r t e a Ta t
12 1 28 12 2 290 25 6( ) = + ( )  ( ) + ( ) +. Θ Θ

 + + + ( )  ( )a t a T a t ea t
3 4 30 50 25 6. cosΘ υ , (17)

where r tg ( )  is a sequence of identical randomly-structured 

subsequences (whose shape is not that random and it still 

may have some roughly-regular convexities/concavities) 

of type g , Θl l
T( ){ } =1

30
 are vectors of T  pseudorandom 

numbers (these vectors are used to simulate noise and 

volatility), ah h
>{ } =

0
1

6
 is a set of adjustable coefficients, 

and factor υ > 0  indicates an oscillation frequency. Initially, 

a time series is generated by 

a1 2= , a2 0 175= . , a3 0 01= . , a4 5= , a5 0 18= . , 

υ = 0 02. , a6 0 0005= . , T =1680 , 

where every sequence r tg ( )  is of 6, 7, or 8 subsequences, 
g =1 12, . Then the time series is equidistantly downsampled 

so that 168 time points remain. These points are smoothed 
producing thus the benchmark time series. Graphical 
examples of benchmark time series generated by (6) — (17) 
are presented in Figure 1. 

It is worth noting that the benchmark series are in-
tentionally generated in a way preventing from forecast-
ing trivial time series (being “easy-to-forecast-with-
high-accuracy” time series). Although the downsampled 
time series is smoothed, fluctuations in it are still present 
(due to every initial sequence of 1680 points has severe 
spikes which cannot be literally smoothed). Moreover, 
the smoothing itself may produce outliers at the start-
ing and ending time points, i. e. at t1 1=  and t168 168=
. For example, an outlier is seen in the top left subplot 
in Figure 1. Thus, despite this subplot represents the sim-
plest case without trend and seasonality, the forecasts are 
not likely to be accurate. Another outlier example is in the 
second row middle subplot, where the ending time point 
has unexpectedly dropped down. Similar cases with out-
liers are seen in Figure 1 as well. Such benchmarking is 
made to obtain more significant differences in accuracy. 
This subsequently will allow making more effective deci-
sions on the best criteria of time series forecasting quality.

5. MaxAE versus MAE

After having generated 200 times series for each of 
those 12 types by T =168 , ARIMA forecasts are made 

at ti =113 168,  (i. e, the forecast length is one third of 
the available data). The worst and best forecasts (whose 
RMSEs are the highest and the least for the given type, re-
spectively) are presented in Figure 2. All the 2400 RMSEs 
are sorted in ascending order, whereupon the respective 
MAEs and MaxAEs are re-arranged as well. They are 
shown in Figure 3, where 10 worst RMSEs along with the 
respective 10 MAEs and MaxAEs are cut off due to they 
correspond to unacceptable forecasts (see Figure 2). 

The interrelation between the RMSE and MAE/
MaxAE can be studied by their intercorrelation function 

[16, 17]. If c j j

n{ } =1
 and d j j

n{ } =1
 are some real-valued data, 

where c j = 0  and d j = 0  by j <1  or j n> , their intercor-

relation function is a sequence calculated as follows:

 b z c dj j z
j

n

( ) = ⋅ −
=
∑

1

  for  z n n= − + −1 1, . (18)

Inasmuch as the RMSEs, MAEs, and MaxAEs are 
differently scattered from minimum to maximum val-
ues, it is better to normalize them before calculating in-
tercorrelation functions by (18). For this, every value of 
the respective criterion is divided by the maximum (cor-
responding to the worst forecast). The intercorrelation 
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functions calculated in this way are presented in Figure 4. 
The normalized intercorrelation functions are shown in 
Figure 5 allowing to see more distinctly that RMSEs and 
MaxAEs are less correlating than RMSEs and MAEs. 

This is so because the intercorrelation function of RMSEs 
and MaxAEs is closer to the intercorrelation function of 
RMSEs and noise, whereas correlation with noise is al-
ways the least.

Fig. 1. Graphical examples of the 12 types of benchmark time series
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Fig. 2. The worst and best forecasts for each of the 12 types of benchmark time series

MaxiMuM-versus-Mean absolute error in selecting criteria of tiMe series forecasting quality



8

Fig. 3. The distribution of the sorted RMSEs (seen as a line in the middle) of forecasts along  
with the re-arranged MAEs (points below) and MaxAEs (points above) for the 2390 time series

Fig. 4. The three intercorrelation functions of 2390 RMSEs and MAEs, MaxAEs,  

and a pseudorandom sequence of values (noise) from interval 0 1;[ ]

Fig. 5. The normalized intercorrelation functions from Fig. 4

romanuke v.
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In fact, Figures 3 and 5 are an experimental proof of 
that using the RMSE and MaxAE criteria is better than 
using the RMSE and MAE criteria to estimate the time 
series forecasting quality. When RMSEs are sorted in ei-
ther ascending or descending order, MaxAEs are more 
scattered than MAEs (see Figure 3). RMSEs and MaxAEs 
are “more different” than RMSEs and MAEs (see Figure 
5, although Figure 4 may serve herein also), because the 
correlation between the RMSE and MAE is stronger. 
This implies that using the MAE criterion along with the 
RMSE criterion is redundant, whereas the MaxAE crite-
rion can import additional information about forecasts.

Conclusion

based on the analysis of forecasts for 2400 time series, 
it is ascertained that the MAE criterion nearly replicates 
information about the forecasting quality, which is direct-
ly drawn from the RMSE criterion. Therefore, the MAE 
criterion is useless, whichever a group of criteria is, unless 
the MAE criterion just substitutes the RMSE criterion. 
Inasmuch as the MaxAE criterion can import additional 
information about the forecasting quality, the best criteria 
are RMSE and MaxAE.
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